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Abstract
Let G be a multigraph with edge set E(G). An edge coloring C of G is called an edge covered coloring, if each color appears
at least once at each vertex v ∈ V (G). The maximum positive integer k such that G has a k edge covered coloring is called the
edge covered chromatic index of G and is denoted by χ ′c(G). A graph G is said to be of class CI if χ ′c(G) = δ and otherwise of
class CII. A pair of vertices {u, v} is said to be critical if χ ′c(G + uv) > χ ′c(G). A graph G is said to be edge covered critical if it
is of class CII and every edge with vertices in V (G) not belonging to E(G) is critical. Some properties about edge covered critical
graphs are considered.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper, let G(V, E) be a multigraph, which allows parallel (multiple) edges but no loops and has a
finite vertex set V and a finite nonempty edge set E . Given two vertices u, v ∈ V (G), we use E(uv) to denote the set of
edges of G joining u and v. The multiplicityµ(uv) is the number of edges of E(uv). Setµ(v) = max{µ(uv) : u ∈ V },
µ = max{µ(v) : v ∈ V }. As usual let N (v) and d(v) respectively denote the set of neighbors and the degree of the
vertex v. Let δ(G) denote the minimum degree of G. The reader is referred to [1] for the undefined terms.
An edge coloring of G is an assignment of colors to the edges of G. Associate positive integers 1, 2, . . .with colors,
and we call C a k edge coloring of G if C : E → {1, 2, . . . , k}. Let iC (v) denote the number of edges of G incident
with vertex v that receive color i by the coloring C . For simplification, we write i(v) = iC (v) if C is understood. An
edge coloring C of G is called an edge covered coloring, if for each vertex v ∈ V , iC (v) ≥ 1 for i = 1, 2, . . . , k. The
maximum positive integer k such that G has a k edge covered coloring is called the edge covered chromatic index of
G and is denoted by χ ′c(G).
The following famous theorem is due to Gupta [2].
Theorem 1 ([2]). For any graph G, min{d(v)− µ(v) : v ∈ V } ≤ χ ′c(G) ≤ δ.
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In particular, if G is simple, then δ − 1 ≤ χ ′c(G) ≤ δ. A graph G is said to be of class CI if χ ′c(G) = δ and of
class CII if χ ′c(G) < δ. A pair of vertices {u, v} is said to be critical if χ ′c(G + uv) > χ ′c(G). A graph G is said to be
edge covered critical if it is of class CII and every edge with vertices V (G) not belonging to E(G) is critical. L. Miao
studied the properties of edge covered coloring in [5]. H. Song and G. Liu discussed some properties of edge covered
critical simple graphs [6]. They gave the following adjacency theorem which is in some sense parallel to the famous
Vizing’s adjacency lemma [7,8].
Theorem 2 ([6]). Let G be an edge covered critical simple graph. Then for any u, v ∈ V with uv 6∈ E(G), there
exists w ∈ {u, v} such that d(w) ≤ 2δ − 2 and w is adjacent with at least d(w)− δ + 1 vertices of degree δ.
In this paper, we extend this result to multigraphs in the corollary to the next theorem.
Theorem 3. Let e = uv be a critical edge of a graph G such that χ ′c(G) < δ. Then there exists w ∈ {u, v} such that
d(w) ≤ 2χ ′c(G). And let D(w) = {x : x and w is adjacent in G and d(x)− µ(xw) ≤ χ ′c(G)} and let d∗(w) denote
the number of edges of G joining w to vertices of D(w), then
d∗(w) ≥ d(w)− χ ′c(G).
Corollary 4. Let G be an edge covered critical graph. Then for any u, v ∈ V , with uv 6∈ E(G), there existsw ∈ {u, v}
such that d(w) ≤ 2χ ′c(G). And let D(w) = {x : x and w is adjacent in G and d(x)−µ(xw) ≤ χ ′c(G)} and let d∗(w)
denote the number of edges of G joining w to vertices of D(w), then
d∗(w) ≥ d(w)− χ ′c(G).
When G is a simple graph, µ = 1. Clearly Corollary 4 implies Theorem 2 [6].
2. The proof of our main theorem
Before proving our main result, we need some more concepts and notation. Let σ(v) denote the number of different
colors appearing at v and σ(C) = Σv∈V σ(v). Let G be a graph of Class CII, and let {u, v} be a critical pair of vertices
in G. Then there exists an edge covered coloring C ′ of G + uv with χ ′c(G)+ 1 colors. Restricting this coloring to G,
we get an edge coloring C of G which satisfies:
(1) σ(x) = χ ′c(G)+ 1 for each x ∈ V (G) \ {u, v}.
(2) χ ′c(G) ≤ σ(u), σ (v) ≤ χ ′c(G)+ 1.
Since G is of class CII, there is at least one vertex in {u, v} which receives χ ′c(G) colors in C . We call a coloring C of
G a good coloring on {u, v}, if C is a restriction to G of an edge covered coloring of G + uv with χ ′c(G)+ 1 colors
and in all such colorings σ(u)+ σ(v) is maximum.
The following concept is given in [4]. Let G be edge colored, α and β are two of the used colors. An (α, β)-
exchange chain K of G is a sequence (v0, e1, v1, e2, . . . , vr−1, er , vr ) of vertices and edges of G in which
(i) for 1 ≤ i ≤ r , the vertices vi−1 and vi are distinct and are both incident with the edge ei ,
(ii) the edges are all distinct and are colored alternately by α and β,
(iii) e1 is colored by α and αC (v0) > βC (v0). Similarly, let γ denote the color of er and γ denote the other color of
{α, β}. Then γC (vr ) > γ C (vr ).
Clearly, if v0 6= vr , after interchanging of colors in an exchange chain, the present value of σ is not less than the
original one.
An (α, β)-exchange chain K is called minimal if there does not exist another (α, β)-exchange chain K ′ which is
starting at the same vertex as K and K ′ ⊂ K .
Lemma 5 ([3]). Let G(V, E) be a connected graph. Then G has a 2-edge coloring C such that:
(a) If G is Eulerian and |E | is odd, then for an arbitrarily selected u ∈ V , we have |1(u) − 2(u)| = 2 and
1(v)− 2(v) = 0 for all v ∈ V \ {u}.
(b) If G is Eulerian and |E | is even, then 1(v)− 2(v) = 0 for all v ∈ V .
(c) If G is not Eulerian, then |1(v)− 2(v)| ≤ 1 for all v ∈ V .
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Let G be edge covered. Let G(w;α, β) be the component of G induced by edges colored α or β which contains w.
Lemma 6. Let C be a given good coloring on the critical pair {u, v}. If w ∈ {u, v}, σ(w) = χ ′c(G), α(w) = 0 and
β(w) ≥ 2, then H = G(w;α, β) is an odd cycle and d(w) ≤ 2χ ′c(G).
Proof. If H = G(w;α, β) is not an Eulerian graph with an odd number of edges, by Lemma 5 we can get a recoloring
of H such that |α(x)− β(x)| ≤ 1 for all x ∈ V (H). The colors of the other edges of G remain unchanged. Then the
new coloring C ′ of G is still a good coloring on {u, v} with σc′(u)+ σc′(v) > σc(u)+ σc(v), a contradiction.
So we may assume that H is an Eulerian graph with an odd number of edges. If H is not an odd cycle, there
exists a vertex x with dH (x) ≥ 4. By Lemma 5, we can get a recoloring of H such that |α(x) − β(x)| = 2 and
α(y) = β(y) for all y ∈ V (H) \ {x}. Then the induced new coloring C ′ of G is still a good coloring on {u, v} with
σc′(u)+ σc′(v) > σc(u)+ σc(v), a contradiction. Thus G(w;α, β) is an odd cycle.
From the above proof, we have β(w) = 2. Fixing the color α with α(w) = 0, and applying the fact that G(w;α, β)
is an odd cycle for every color β in C with β(w) ≥ 2, we get that d(w) ≤ 2χ ′c(G). 
From this lemma, we immediately get that:
Corollary 7. Let C be a given good coloring on {u, v}. If w ∈ {u, v}, σ(w) = χ ′c(G), then d(w) ≤ 2χ ′c(G).
The Proof of Theorem 3. Let C be a good coloring on {u, v}. There is a vertex w ∈ {u, v} with σ(w) = χ ′c(G).
Without loss of generality, suppose that w = u. By Corollary 7, d(u) ≤ 2χ ′c(G). Let χ ′c(G) = k. Next we will prove
that d∗(u) ≥ d(u)−k. Otherwise, d∗(u) ≤ d(u)−k−1. Set D(u) = {x : x and u is adjacent in G and d(x)−µ(xu) ≤
k}. Delete all edges of G joining u to vertices D(u). The remaining graph of G is denoted by G ′. Obviously,
dG ′(u) ≥ d(u)− (d(u)− k − 1) = k + 1. Restrict C to G ′. The number of colors appearing at x in G ′ is denoted by
σG ′(x) and by σ(x) in the following if there is no obscurity.
Claim. If σG ′(u) < k+1, then there exists a recoloring of G ′ such that the number of colors appearing at u increases
by 1 and the number of colors appearing at the other vertex is not less than the original one.
Since the proof of the Claim is complicated, we will give it later.
From the claim, we can find a recoloring of G ′ such that σG ′(u) = k + 1 and the value of σG ′ of other vertex is not
less than the original one. For each x ∈ D(u), color the edges of E(xu) with colors absent at x (if there are absent
colors, otherwise, color them with any of the k + 1 colors). Then we obtain a coloring of G which is denoted by C ′.
Obviously, C ′ is a good coloring on {u, v} and σc′(u)+ σc′(v) > σc(u)+ σc(v), contradictory to the choice of C . So
d∗(u) ≥ d(u)− k. 
Now we give the proof of the claim.
Proof of the Claim. Since σ(u) < k + 1 and dG ′(u) ≥ k + 1, there exist colors α0 and β such that α0(u) ≥ 2
and β(u) = 0. Then by Lemma 5, if H0 = G ′(u;α0, β) is not an odd cycle, we can get a required coloring of G ′.
Now suppose that H0 = G ′(u;α0, β) is an odd cycle with α0(u) = 2, β(u) = 0, and α0(x) = β(x) = 1 for each
x ∈ H0 \ {u}.
We give the preliminary of an iterative process. At the start of the i th stage (i ≥ 1), suppose that the following has
been defined.
(i) Vertices y0, y1, . . . , yi−1 which are not necessary distinct.
(ii) Distinct edges e0, e1, . . . , ei−1, where e j joins u to y j for 0 ≤ j ≤ i − 1.
(iii) Colors α0, α1, . . . , αi−1 and β which are pairwise distinct from each other. At the start of the i th stage ei−1 is
colored αi−1 (it may be recolored during the i th stage). If αi is chosen distinct from α0, α1, . . . , αi−1, then no
edge colored β, α0, α1, . . . , αi−2 is recolored in the i th stage. For 0 ≤ j ≤ i − 2, e j has a color belonging to
{α0, α1, . . . , αi−1}.
(iv) At the beginning of the j th stage, H j−1 is an odd cycle containing u and e j−1 for j = 1, 2, . . . , i . For i ≥ 1,
at the start of the i th stage, Hi−1 is colored αi−1 and β with αi−1(u) = 2, β(u) = 0, and αi−1(x) = β(x) =
1 for any x ∈ V (Hi−1) \ {u}.
(v) For each x ∈ G ′, the value of σ(x) in the j th stage is not less than its value in the ( j − 1)th stage,
j = 1, 2, . . . , i − 1.
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Fig. 1. Case (B) before recoloring and after recoloring.
From the k+1 colors ofC , we choose αi such that αi (yi−1) ≥ 2. Since for each x ∈ NG ′(u), d(x) > k+µ(xu) ≥ k+1,
such αi exists.
If αi (yi−1) > 2. Recolor ei−1 with β. Then in the new coloring of G ′
αi−1(u) = β(u) = 1
and
αi (yi−1) > 2, αi−1(yi−1) = 0.
Therefore, G ′(yi−1;αi , αi−1) is not an odd cycle. By Lemma 5, we get a recoloring of G ′(yi−1;αi , αi−1), which
induces a required coloring of G ′. Thus since αi (yi−1) ≥ 2, we may now assume that αi (yi−1) = 2.
If there exists a vertex yp = yi−1 (p ∈ {0, 1, 2, . . . , i − 2}), we now show that we can always choose an αi with
αi 6= αp. Since yi−1 ∈ NG ′(u), d(yi−1) ≥ k + 1+µ(uyi−1). There are at least µ(uyi−1) colors which appear at least
twice at yi−1. If yi−1 appears less than µ(uyi−1) times in the list y0, y1, . . . , yi−2, clearly we can choose such an αi .
If yi−1 appears µ(uyi−1) times in the list y0, y1, . . . , yi−2, then since et 6= e j (for all t 6= j) and ei−1 ∈ E(uyi−1),
E(uyi−1) has at least µ(uyi−1)+ 1 edges, a contradiction. So we can choose an αi with αi 6= αp.
We now argue in cases defined by the value of αi (u) with αi (u) = 0, 1 and αi (u) ≥ 2.
(I) αi (u) = 0. Since G ′(u;αi , αi−1) contains yi−1, αi−1(u) = 2 and αi (yi−1) = αi−1(yi−1) + 1 = 2,
G ′(u;αi , αi−1) is not an odd cycle. By Lemma 5, we can get a required coloring of G ′.
(II) αi (u) ≥ 2. In G ′(yi−1;αi , αi−1)−ei−1, choose a minimal (αi , αi−1)-exchange chain K starting at yi−1. K must
be in one of the following 3 cases.
(1) K does not stop at u or yi−1.
(2) K stops at u with an edge colored αi .
(3) K stops at yi−1 with an edge colored αi .
We first exchange the two colors on K . If one of the cases (1) and (2) happens, then recolor ei−1 by β. It is easy
to verify that the resulting coloring is a required coloring of G ′. When (3) happens, recolor ei−1 by αi , then the
new G ′(u;αi , β) is not an odd cycle since it contains at least 3 edges incident to u that are colored αi . From
Lemma 5, we can get a required coloring of G ′.
(III) αi (u) = 1. In G ′(yi−1;αi , αi−1), choose a minimal (αi , αi−1)-exchange chain K starting at yi−1. Then K is in
one of the following cases.
(A) K does not stop at u and yi−1.
(B) K stops at yi−1.
(C) K stops at u (necessarily with an edge f colored αi−1 by the definition of exchange chain).
And further, in each cases, K does not contain ei−1. When (A) happens, if K contains ei−1, then there is an (αi , αi−1)-
exchange chain K ′ ⊂ K starting at yi−1, contradictory to the choice of K . When (B) happens, since yi−1 has even
degree in K , and αi (yi−1) = 2, αi−1(yi−1) = 1, clearly, K does not contain ei−1. When (C) happens, it is also easy
to see that K does not contain ei−1.
If (A) happens, then exchange the colors on K and recolor edge ei−1 by β. We get a required coloring of G ′.
If (B) happens, then exchange the colors on K and recolor ei−1 with αi (see Fig. 1).
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(B1) There is a minimal (αi−1, β)-exchange chain X starting at u with an αi−1 edge which does not stop at yi−1.
Then exchange the colors on X , in the new coloring of G ′, we have
αi (u) = αi−1(u)+ 2 = β(u)+ 1 = 2,
and
αi−1(yi−1) = αi (yi−1)+ 1 = β(yi−1)+ 1 = 2.
Clearly, G ′(u;αi , αi−1) contains yi−1 and yi−1 has odd degree in it. Therefore G ′(u;αi , αi−1) is not an odd cycle. By
Lemma 5, we get a required coloring of G ′.
(B2) Every minimal (αi−1, β)-exchange chain X starting at u with an αi−1 edge stops at yi−1 (necessarily with an
edge colored αi−1). Denote this case by (D).
From the above analysis, when αi (u) = 1, only the following case remains unsolved:
K satisfies (D) or (C). (?)
To solve (?), we will consider two cases.
Case 1. α0, α1, . . . , αi are distinct.
Case 1.1. (D) happens. Exchange the colors on K and recolor ei−1 with αi , in the new coloring of G ′
αi (u) = β(u)+ 2 = 2
and ei−1 is colored by αi . If Hi = G ′(u;αi , β) is not an odd cycle, we have a required coloring of G ′. If
Hi = G ′(u;αi , β) is an odd cycle, clearly in Hi there exists an edge colored αi incident to u different from ei−1.
Denote this edge by ei and the other vertex incident to ei by yi . So conditions (i)–(v) are satisfied with i instead of
i − 1. Now αi (u) = β(u)+ 2 = 2 and ei is with color αi , we then go to the (i + 1)th stage.
Case 1.2. (C) happens. Exchange the colors on K . In the new coloring of G ′, we have
αi (u) = αi−1(u)+ 1 = β(u)+ 2 = 2,
and
αi (yi−1) = β(yi−1) = 1.
The values of σ(u) and σ(yi−1) are not changed. ei−1 is still with αi−1. If Hi = G ′(u;αi , β) is not an odd cycle, we
can get a required coloring. If Hi is an odd cycle, clearly in Hi there exists an edge colored αi incident to u, which
does not belong to K . Denote this edge by ei and the other vertex of ei by yi . It is easy to see that conditions (i)–(v)
are satisfied with i instead of i − 1. Now αi (u) = β(u)+ 2 and ei is with color αi , we go to the (i + 1)th stage.
Case 2. αi ∈ {α0, α1, . . . , αi−2} and (D) or (C) happens. Since αi occurs exactly once in the sequence
{α0, α1, . . . , αi−2}, let αi = αp for some 0 ≤ p < i − 2. From the choice of αi , αi 6= αi−1 and yi−1 6= yp. In
this case, we consider two subcases.
Case 2.1. (D) happens in the (p + 1)th stage and (D) or (C) happens in the i th stage.
At the start of the (p+1)th stage, Hp = G(u;αp, β) is an odd cycle with αp(u) = β(u)+2. Since (D) happens in
the (p + 1)th stage, ep is recolored αp+1. Then αp(u) = β(u)+ 1 = 1 at the end of the (p + 1)th stage. And there is
a minimal (αp, β)-exchange chain X starting at u with an αp edge and ending at yp at the end of the (p + 1)th stage.
Between the end of the (p + 1)th stage and the start of the i th stage, the edges colored αp and β remain the same.
So at the start of the i th stage X remains the same, and
αi−1(u) = αp(u)+ 1 = β(u)+ 2 = 2.
Now exchange the colors on X . Then, in the new coloring of G ′
αi−1(u) = αp(u)+ 2 = β(u)+ 1 = 2,
and the value of σ(yp) is unchanged (see Fig. 2).
Then G ′(u;αp, αi−1) includes yi−1 which has odd degree in it. So we can recolor it by Lemma 5 and obtain a
required coloring of G ′.
Case 2.2. (C) happens in the (p + 1)th stage and (D) or (C) happens in the i th stage.
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Fig. 2. Case 2.1.
Fig. 3. Case 2.2.
At the start of the (p + 1)th stage we have
αp(u) = αp+1(u)+ 1 = β(u)+ 2 = 2,
and
αp+1(yp)− 1 = αp(yp) = β(yp) = 1.
And at the end of the (p + 1)th stage
αp+1(u) = αp(u)+ 1 = β(u)+ 2 = 2,
and
αp(yp)− 1 = αp+1(yp) = β(yp) = 1.
The edge ep is still colored αp. Between the end of the (p+ 1)th stage and the start of the i th stage, the edges colored
αp and β remain the same.
At the start of the i th stage we have
αi−1(u) = αp(u)+ 1 = β(u)+ 2 = 2,
and
αi−1(yi−1) = αp(yi−1)− 1 = β(yi−1) = 1.
We recolor ep with β, then we get that
αi−1(u) = αp(u)+ 2 = β(u)+ 1 = 2.
And the value of σ(yp) is unchanged (see Fig. 3).
Thus G ′(u;αp, αi−1) contains yi−1 with an odd degree in it. So G ′(u;αp, αi−1) is not an odd cycle. By Lemma 5,
we obtain a required coloring of G ′.
Since there are k + 1 colors, there must be an i0-stage with αi0 ∈ {α0, α1, . . . , αi0−2}. We can get a required
coloring by Case 2.
In all cases the claim holds. 
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